Abstract. This paper presents a new method for real-time modelling soft tissue deformation. It improves the traditional massspring model with conical springs to deal with nonlinear mechanical behaviours of soft tissues. A conical spring model is developed to predict soft tissue deformation with reference to deformation patterns. The model parameters are formulated according to tissue deformation patterns and the nonlinear behaviours of soft tissues are modelled with the stiffness variation of conical spring. Experimental results show that the proposed method can describe different tissue deformation patterns using one single equation and also exhibit the typical mechanical behaviours of soft tissues.
Introduction
Soft tissue deformation is of great importance for surgical simulation. Significant research efforts have been dedicated to modelling of soft tissue deformation. However, modelling of deformable tissues for surgical simulation is difficult because of the conflicting demands of real-time performance and physical accuracy. The finite element method (FEM) is a typical deformation method focusing on physical accuracy. This method uses continuum mechanics to govern the elastic behaviours of soft tissues. In spite of the accuracy, it suffers from being an expensive computational load. Therefore, most of the existing FEMs are dominated by linear elasticity, because linear elastic models allow reduced runtime computations. Although there are some methods based on nonlinear elasticity, these methods can only handle a relatively small number of grid meshes. Additional techniques such as precomputation, matrix condensation, adaptive meshing and GPU acceleration are required to facilitate the computational performance [1] [2] [3] .
The mass-spring model (MSM) is a typical deformation method focusing on computational performance. This method discretises a model based on Hooke's law into discrete mass points connected to each other with massless springs. It is easier to implement in algorithm and is less time consuming in computation. However, it suffers from low accuracy for modelling of soft tissue deformation, as the linear Hooke's law is only suitable for small deformation [4] [5] [6] , while the behaviours of soft tissues such as human organs are extremely nonlinear [7] [8] [9] . Various techniques have been reported focusing on improvement of the MSM's accuracy by introducing nonlinearity. Duffing's equation was used in the MSM to define the nonlinear loaddisplacement response [10] [11] [12] . This method divides the deformation curve into two regions. One is linear and the other nonlinear, governed by a linear and nonlinear sub-equation, respectively. However, its performance relies on an optimization process to find the appropriate stiffness constant value. The method also requires the switch between the two sub-equations, leading to an additional computational load.
Combination of springs in a cubical configuration is another approach [13] . The spring orientation is divided into three types; vertices, diagonal and internal diagonal. Each type of spring is allowed to share a common stiffness constant and the selection of stiffness constants depends on the deformation patterns. However, in the case of too many springs, the model becomes stiffer and thus will deform in an unrealistic manner. Xu et al. reported a hybrid method by combining the advantages of MSM and FEM for soft tissue deformation. However, this method requires a large computational load to solve the constitutive equation [14] . Ahmadian and Nikooyan studied an approach using empirical formulae derived from practical experiments for soft tissue deformation, where different soft tissues are assigned to different formulae via an optimization process [15] . However, the accuracy of this method relies on the experimental results on soft tissues. The requirement of experimental results also makes the method difficult to be extensively used. The penetration depth is a method to limit the deformation range of the traditional mass-spring model according to the depth that a surgical tool penetrates in soft tissues [16] [17] [18] . In spite of the improved computational performance, there is no physical nonlinearity involved in the method. This paper presents a new method to predict the nonlinear deformation of soft tissues. This method improves the traditional MSM by replacing the linear spring with the conical spring. It models the nonlinear behaviours of soft tissues using the stiffness variation of conical spring. It also formulates the model parameters according to deformation patterns of soft tissues to improve the simulation realism. Experiments and comparison analysis have been conducted to evaluate the performance of the proposed method. [19] .
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Typical deformation patterns of soft tissues can be observed in three regions [4, 19] . As shown in Figure 1 (b), the first region, which represents small deformation, is linear; the second region is nonlinear, where a greater load is required for soft tissues to deform; then the behaviour is back to a linear pattern in the final region. In order to simulate the nonlinearity and deformation patterns of soft tissues, this paper proposes the use of conical springs instead of linear springs for the MSM.
The conical spring belongs to the helical spring family. It has different sizes of coils, small at the top and getting bigger towards the bottom. Unlike a normal helical spring, the conical spring does not have a single stiffness constant. Its stiffness constant is variable according to the size of the coil. Therefore, the conical spring provides a nonlinear factor for modelling nonlinear behaviours of soft tissues.
There are two types of conical spring: the telescoping and non-telescoping. They have different structures under a fully compressed condition. The former produces a diameter thickness height only while the latter produces a stack-like structure. The former also possesses a greater nonlinearity than the latter. The telescoping and non-telescoping conical springs can be distinguished by the following simple conditions [20] :
for the telescoping conical spring (1) for the non-telescoping conical spring (2) where and are the diameters of the largest and the smallest coils, is the diameter of the wire, and is the number of coils with the minimum value of 2.
A simple formulation was proposed by Rodriguez to define the load-displacement relationship of the spring [20] . The formulation is derived using geometrical properties of the spring as shown in Figure 2 . This single formulation can be used to describe both the telescoping and non-telescoping spring. The conical spring force in term of displacement is described as 
where and are defined using terms to as shown in Eqs. (4) to (10) . (10) where is the initial length of the spring, the torsion modulus and the displacement of the spring.
Based on the response and the structure of the conical spring, the load-displacement behaviour of the conical spring can be described in three regions. The first region is linear, followed by a nonlinear pattern for the second region and subsequently a linear pattern for the final region. This behaviour exactly matches the deformation patterns of soft tissues. The conical spring deformation is shown in Figure 1(a) .
In the first region, the largest coil, which is the most flexible coil, will deform at first. It will deform in the similar condition as a normal helical spring with a single stiffness constant, thus responsible for the first linear region. The next largest coil will deform as soon as the largest coil is fully compressed. At this stage, the largest coil is termed non-active and the second largest coil is the active coil. The process will continue until the smallest coil is active. The gradual change in the diameter of the active coil explains the reason for the variation in stiffness rate and, as a result, a nonlinear response is recorded. Finally, at the smallest coil, since it is the only coil left and the deviation of the previous coils is small, deformation in this region is linear.
Looking on Figure 1(a) , the parameters at the transition point (the point that separates the first linear region and the nonlinear region) and the maximum point (the final point on the curve or the maximum load) can be calculated using Eqs. (11) and (12) as: (11) (12) where and are the magnitudes of the loads at the at maximum and transition points. The parameters can be described based on the information at these two points.
Conical spring based MSM
The typical dynamic motion of the MSM model is described by Newton's law. The total force experienced by a model consists of an internal force and external force. The internal force is constituted by a damping force and spring elastic force. The damping force is responsible for generating the resistance due to the mass velocity, while the spring elastic force defines the resistance experienced by the spring. When an external force is applied, the dynamic behaviour of each influenced mass point is expressed as (13) where is the mass at point , the acceleration at point i, the damping force at point i, the spring force at point i, and the external force at point i. In terms of displacement, the above equation can be rewritten as (14) where is the mass at point and is the damping constant between points and . The terms , stand for the displacement, velocity and acceleration of point . The spring elastic force at point i is represented as the linear product between the stiffness constant and displacement . The dynamic equation can be solved using the explicit integration method [5] [6] [7] [8] [9] .
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Substituting the linear spring elastic force in Eq. (14) with the conical spring force described by Eq. (3), the proposed conical spring model can be written as (15) where is the conical spring force. The proposed method adopts a data-driven strategy to determine the parameters used in the conical spring model from the deformation patterns of soft tissues. In order to define the suitable parameters for the conical spring, parameters are divided into two types: design parameters and operation parameters. Design parameters involve the diameters of the largest and the smallest coils, the number of active coils, the diameter of the wire, the initial height of the spring and the torsion modulus (refer Figure 2) . The operation parameters are the mechanical properties and information available at the transition and maximum points from real tissues (refer Figure 1(a) ).
The wire diameter d for the normal helical spring can be calculated as [21] 
where c is the spring index and D is the mean diameter. The spring index determines the spring strength. The smaller the index is, the stiffer the spring will be. As the minimum value of the spring index is 3 [22] , the mean diameter is at least three times greater than . By considering the diameter of the smallest coil, , as the mean diameter, the wire diameter for the conical spring can be represented as (17) Assuming the initial height H is equal to L C (see Figure 1(a)) , the parameters and G can be derived from Eqs. (11) and (12) .
The different types of conical spring have different minimum and maximum lengths. The minimum length of the telescoping spring, , is equal to the wire diameter d
The minimum length of the non-telescoping spring, , is the product of the number of coils n and the wire diameter d
The maximum lengths of both telescoping and non-telescoping springs are calculated as follows (20) 
Implementation and discussion
Experiments have been conducted to evaluate the performance of the proposed method. The performance evaluation focuses on verifying the mechanical properties of soft tissues in terms of the soft tissue deformation patterns [15] and the typical mechanical behaviours of soft tissues [4] .
In order to evaluate the realism of the proposed method, a uniaxial loading test was carried out a simple cubical model. The model parameters were designed according to the two types of soft tissue deformation patterns [15] . Figure 3 shows the structure of the cubical model and deformation results. Figure 4 compares the simulated deformations with the different deformation patterns presented in [15] . It can be seen that the achieved deformation results are in agreement with both deformation Fig. 3 . The topological structure and behaviour of simple cubical model. Fig. 4 . Comparison of simulated deformations with the different deformation patterns described in [15] . patterns. It demonstrates the proposed method can describe different tissue deformation patterns with one single equation. It also demonstrates the proposed method can achieve the nonlinear loaddeformation relationship.
The typical mechanical behaviours of soft tissues include hysteresis, creeping and nonlinear loaddeformation relationship [4] . In addition to the nonlinear load-deformation relationship demonstrated in Figure 4 , trials were also conducted to verify the hysteresis and creeping properties of soft tissues. As shown in Figure 5 (a), the loading and unloading processes follow two distinct paths. The area formed by the loop is the energy lost in stretching and releasing soft tissues. It is also observed that the tested subject under the unloading process does not go back to its original position. These are in agreement with the hysteresis property of soft tissues [4] . On the other hand, creeping is the tendency of a material to deform permanently under the influence of continuous stresses. In order to test this property, a constant uniaxial load is applied on the model. Figure 5(b) shows the response of the model to the creep test. The response shows that the model can exhibit the creep property.
Conclusion and future works
This paper presents a new mass-spring based method to mimic the deformation of soft tissue with reference to deformation patterns of soft tissues. This method introduces conical spring in the traditional MSM model to predict nonlinear mechanical behaviours. It formulates the model parameters according to the deformation patterns of real tissues. The main contributions of the paper are (i) the nonlinear deformation of soft tissues is modelled with the stiffness variation of conical spring rather than a single stiffness constant in the traditional MSM; and (ii) different types of deformation patterns of soft tissues are simulated using just a single equation, leading to the simplicity and improved efficiency for modelling of soft tissue deformation. Experimental results demonstrate that the proposed method is able to describe different deformation patterns of real tissues and also exhibit the typical mechanical properties of soft tissues.
Future research will focus on the improvement of the proposed method by considering the mechanism of load propagation for soft tissue deformation. It is also expected to integrate the proposed method with a haptic device to provide real-time force feedback for surgery simulation.
